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Computational Methods

» Computation key to modern economics and finance.

- Vastly expands scope of possible research.

- Methods used make huge difference for efficiency and accuracy of computation.

> Lots of languages to choose from:

- Low-level (fast but unfriendly): C++, Fortran.

- High-level (slower but friendly): Matlab, Python, Julia.

» Overview:

- This lecture: building blocks (approximation, differentiation, integration).

- Next lecture: solving dynamic models.
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Approximation
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Approximation

» Key idea: approximate f(x) using a finite number of basis functions

f(x) ~Z¢l )bi = (x)'b

» Two standard approaches:
1. Collocation: use same number of {x;} and {b;}, set f(x;) = ¥(x;)'b, Vi.
2. Regression: use more {x;} than {bj}, minimize ||f(x;) — ¥ (x;)'b| |2.
» Also works for functions defined implicitly (e.g., optimal controls): g(f(x),...) = 0.

1. Collocation: set ¢((x;)’'b,...) =0, Vi.

2. Regression: minimize ||g(y(x;)'D,...)||?.
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Polynomial Bases

> Natural choice for i functions are polynomials. But naive application doesn’t work!

> Runge phenomenon: polynomial collocation at equally spaced points may never converge.
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Polynomial Bases

» In principle, polynomial basis is fine, the problem is the evenly spaced grid.

» In practice, using ordinary polynomials is not a good idea.

- Higher order polynomials are highly correlated and tend to explode.

> Better choice: orthogonal polynomials (w.r.t. some weight function w):

[ w@i0x) =0, % # .

> Examples: Chebyshev, Legendre, Laguerre, Hermite.
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Chebyshev Polynomials

> Best choice on a bounded grid: Chebyshev polynomials.
- Orthogonal polynomials using weight w(x) = (1 —x?) 12 defined on [—1,1].
» Recursive definition: To(x) =1, T1(x) = x,
Tpy1(x) = 24Ty — Typ—1(%).

[
[

T, T
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Source: Trefethen (2013)
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Chebyshev Polynomials
» Combine with Chebyshev-Lobatto nodes (points where T} reach extrema):
xp = cos(kt/n), k=0,...,n
> Some texts will use Chebyshev roots (zeros), but extrema usually better.
> Amazingly accurate for smooth functions.
- Close to minmax approximation (achieves smallest Lo, error) among polynomials.

- Error related to magnitude of highest order coefficient. Check that it goes to zero.

- Even works pretty well for non-smooth functions.

Degree 100 Chebyshev interpolant

Source: Trefethen (2013)
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Chebyshev Polynomials: Recipe
1. Compute Chebyshev nodes (extrema) on [—1,1]:
zx = cos(krt/n), k=0,...,n
2. Compute Chebyshev polynomials on grid: Tj(z), j =0,...,n.

3. Adjust to interval [a, b]:

b—
Xp=a-+ ( 5 a) (zx+1)
4. Fit polynomial using collocation, so that f(x) = T(z)b for all k:

b=T(z)"f(x)

5. Evaluate approximation:
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Piecewise Basis Functions
> Nests piecewise-linear interpolation using hat functions: max(1 — [x —c|/m,0).

- Centered at ¢, nonzero on (¢ — m,c + m).

» Example: evenly spaced {x1,...,xx} placed m apart.
- For all 7, add hat function for each ¢; = x;.

- Extrapolation requires treating end-points differently, see Pfluger (2010).

u(x) 3

A (9 A

. UK=Ziap()

27 27
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0 | L N N B N | | > 0 i
0 ‘-'_-’.3 Xi 0 1
hez2

Source: Pfluger (2010)
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Piecewise Basis Functions

» Many other piecewise functions possible:

- Piecewise polynomials
- B-Splines

- Wavelets

» Less efficient than Chebyshev polynomials, but can be more robust for non-smooth f(x).

- Better for extrapolating off the interval.

» Beware of non-differentiabilities.

- Some schemes like “natural” cubic splines can ensure continuous differentiability.
Yy
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Multivariate Approximation

> For several variables, simple but inefficient approach is tensor product (n¢ gridpoints):

flxi,..xq) = Z 2 W (1) - gy, (xa)

> More efficient approach: sparse grids (prune gridpoints and basis functions).
- Basic idea: don’t need interactions of high-order terms with high-order terms.
» Most common implementation: Smolyak sparse grid (Judd, Maliar, Maliar, Valero, 2013).

- Divide gridpoints and basis functions into levels £ = 1,2,3,.. ..

- Only include terms such that /1 + ... 4+ ¢; < m + d, where m is approximation level.
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Sparse Grids

» For sparse grids need to choose hierarchical basis.

- Means that adding next level won’t change lower-order approximation.

- Orthogonal polynomials (i.e., Chebyshev) work.
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Source: Pfluger (2010)
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Sparse Grids

> For sparse grids need to choose hierarchical basis.

- Means that adding next level won’t change lower-order approximation.

- Orthogonal polynomials (i.e., Chebyshev) work.

A
3 \ UX)=Ziaa(X) 3
AN ae(X)
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Source: Pfluger (2010)
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Sparse Grids
> Next choose levels of gridpoints, typically extrema of basis functions at that level.

- Combine and you are done!
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Source: Pfluger (2010)
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Adaptive Sparse Grids

» Smolyak sparse grid scheme is mechanical, doesn’t depend on actual function.

- What if we could use the shape of the function to determine where to put more points?

> Adaptive Sparse Grids (see e.g., Brumm and Scheidegger, 2013) add higher order terms only
around points with poor approximation (large |b;| coefficients).

- Nice module sg++ available in C++ and Python.

X-axis

Source: Brumm and Scheidegger (2013)
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Neural Nets

» Highly promising approach from machine learning with professional-quality open source
software (PyTorch, TensorFlow, etc.).

n d
f(x) ~ by + Z bq¢ (ﬂqlo + Zaq,ixi> .
g=1 i=1
» Key idea: optimally interacts different variables to fit data.

» ¢ is an activation function.

- Examples: (a) ReLU, (b) sigmoid, (c) hyperbolic tangent.

max{x, 0}
logistic(x)
tanh(x)

Source: Duarte (2018) (a) (b) (c)
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Neural Nets

» Two key theorems:

1. Universal Approximation Theorem (Hornik, Stinchcombe, White 1989): a neural network with at
least one hidden layer can approximate any Borel measureable function mapping
finite-dimensional spaces to any desired degree of accuracy.

2. Breaking the Curse of Dimensionality (Barron, 1993): a one-layer neural net achieves integrated
square errors of O(1/Q) where Q is the number of nodes.

(a) Single Layer (b) Deep Neural Network
Input Hidden Output Input Hidden Hidden Output
layer layer layer layer  layer layer layer

Source: Duarte (2018)
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Differentiation
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Numerical Derivatives

> Simplest formula: forward difference (where ¢; has ith entry 1 and other entries 0).

fl(x) — a]gg;:) _ f(x+ he;l) —f(X) + O(h)

» Derive from Taylor approximation: f(x + he;) = f(x) + f;(x)h + O(h?).
> We can do better with centered difference. Use the second-order approximation

Fx+ hep) = £(x) +F(h + of s + OGF)

to obtain

_fl(x) _ f(x"'_hei)z_hf(x - hei) + O(hz)

» Floating point can’t track differences < 1e-16, so use h ~ 1e-5 or 1e-6.
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Numerical Derivatives

> Same logic applies to computing second derivatives: fj;(x) = 9°f(x)/dx;0x;.
» Important for MLE standard errors. Don't use the Hessian given by the solver!
> Again, use Taylor approximation:
Fx T+ Ty) = FE) + (W + 0+ 3 [+ 2y + £ (1] + O0#)
» Good estimate cancels lower-order terms:

filx) = f(x+ he; + hej) — f(x + he; — hej)4;2f(x — he; + hej) + f (x — he; — he;) Log)

» Don’t make h too small (1e-5 or 1e-6 should be fine).

Dan Greenwald 15.472: Computational Methods I Fall 2021

21/31



Automatic Differentiation
» Great alternative to numerical derivatives: automatic differentiation.
- Not the same as symbolic diff. where computer “knows” that derivative of log(x) is 1/x.

» In practice, computer doesn’t use any operators other than +, —, x, +.

- Computer uses Pade approximation using only floating point operations to eval e.g., log(x).
- Key idea: these are all differentiable operations!

- Automatic differentiation essentially runs a giant chain rule to get exact derivative.

> Benefit relative to symbolic derivatives: usually much faster.

- Total time to compute gradient on order of single evaluation, regardless of number of variables.

» Many standalone packages (e.g., ADOL-C for C++, Jax for Python).

- Often comes standard in neural net software (e.g., PyTorch).
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Integration
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Quadrature

> Evaluating integrals (expectations) is a big part of economic modeling. Often no closed form.

» Quadrature methods approximate integrals using sums:
b
| far= Y arix)
1

> Deep connection between quadrature methods and approximation methods.

> Most quadrature formulas are obtained by approximating the function and then analytically
integrating the approximation.
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Quadrature: Newton-Cotes Formulas

» Use when points {x;} are exogenously given or are equally spaced. Start with interval [a, ].

> Midpoint rule (constant function, one evaluation):

P
[ rwax=0-ar (S0 + LD, cew,

» Trapezoid rule (linear interpolation, two evaluations):

—a —a)3
[f@ar="2 s +0)] - U@, cem

> Simpson’s rule (piecewise quadratic, three equally spaced evaluations):

_ _4\5
[ a1 s+ (T12) 0] - Lo, e
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Quadrature: Newton-Cotes Formulas

>

These methods don’t work well applied directly to the entire interval, but can achieve high

accuracy when applied to many subintervals (“composite” rules):

b N-1
IRCLEDWCEEY

Composite Simpson’s rule, for equally spaced points /1 distance apart:

[ £ e B o) + 46 0c0) + 2 () + 4 x3) -+ 4 1) )]

Adaptive Simpson’s method: recursively keep subdividing intervals as long as
|S(a,m) 4+ S(m,b) — S(a,b)| > 15¢

where S is Simpson’s quadrature, m is the midpoint of (a,b), and ¢ is the target error.
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Quadrature: Gaussian Formulas

» Can typically do much better using Gaussian quadrature, which cleverly picks points {x;} to

attain high efficiency.

» Typically defined relative to a weight function w.
b
| e ar= Y wif ()

> Exact for all polynomials up to degree 2n — 1.

» Basic idea: use nodes of orthonomal polynomials w.r.t. weight w.

- For each scheme, look up {w;, x;} for given n or use specialized scripts.

- Check on test function (e.g., f (x) = 1) to make sure normalization is right.
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Gauss-Legendre Quadrature

» Weight function: w(x) = 1. Domain: [—1,1].
1
| S = Y
1

» Arbitrary domain:

)

/abf(x)dxﬁ b;azwlf <W+a)

i

» Scaled weights, nodes: w; =

n (x; +1)(b—a)

2
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Gauss-Hermite Quadrature

» Weight function: w(x) = exp(—x?). Domain: (—co, ).
| F@exp(-) dx = Def(x)

> Use change of variable x = (y — )/+/20 to integrate N(y, ¢?) random variable:

B0 = <= [ fwex {—% (y%)z} dy
=g 1/2 /_o:of (\/Eax-l- y) exp(—x?) dx
~ g 1/2 iwif (\/Erfxi + ;4) .
i=1

12w, % = \20x; + .

> Scaled weights, nodes: w; =
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Gauss-Laguerre Quadrature
» Weight function: w(x) = exp(—x). Domain: (0, ).
/ f(x)exp(—x)dx ~ ij x;)
» Use change of variable x = r(t — s) for time discounting problems:

e

+s"

*I’S n

Zf( s)

» Scaled weights, nodes: w; =
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Multidimensional Quadrature

» For multiple integral, simple but inefficient approach is tensor product:
/ /f(x,y) ddy ~ ) ) wiw/f(xi,y)).
L

> More efficient methods exist in higher dimensions:

1. Monomial methods: Stroud (1971)
2. Sparse Grid Integration: Heiss and Winschel (2008), Gerstner and Griebel (1998)

> Both approaches choose smart combinations of quadrature points for integration.

» Last resort is Monte Carlo: simulate and take sample average in place of expectation.

- Can improve by using low discrepancy sequence (e.g., Sobol sequence).
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