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Why Use GMM?

» Ideal estimation procedures require maximizing the likelihood function over the data {x;}.
» Often, we don’t know the likelihood, but can write down some moment conditions:
E [f(xt;b)} =0
that should be satisfied from theory (e.g., equilibrium conditions).

> Key application in finance:
Et [Mi1Riq] = 1.

for stochastic discount factor My, 1.

» Unconditional version:
E [(MMRH] - 1)4 -0, Vz
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Why Use GMM?

» Using moment conditions, GMM theory provides:

1. Efficient procedures for estimating parameters b

2. Standard errors and hypothesis tests

» Unified theory nesting huge set of standalone econometric procedures:

OLS: E [(yt — ﬁ'xt>xt] =0
AV E |:(yt — ‘B’xt)zt} =0
oL(x;b)

» Especially useful for jointly estimating related equations.
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Implementation

» In practice, don’t observe E[f(x¢; b)], but can compute sample analogue:

gr(b) = Zf xt, b

> Basic idea is to choose b so that g7 is “close” to zero.

» Formal version:

b

for some symmetric weighting matrix W

1
= argmin EgT(b)’WgT(b)
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Review: Matrix Calculus

> Derivative of f : R" — RFis k x n matrix

9 (x) 9 (x)
dxq Ixy,
Vi(x) =1 : :
% (x) % (x)
dxq Ixy,
» Product rule: if h(x) = f(x)'g(x) then
oh(x) 9g(x) of (x)

ox :f(x)/T—’_g(x)/ ox

» For constant matrix A:

d(Af(x)) _ ,9f(x) d(f(x)'A) _ ,9f(x)
ox =4 ox ox A ox

Dan Greenwald 15.472: GMM

Fall 2021

5/28



GMM Solution

» GMM optimality condition:
dT(b),WgT(b) =0

for dr(b) = Vgr(b).
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GMM Solution

» GMM optimality condition:
dT(b),WgT(b) =0
for dr(b) = Vgr(b).

» Derivation: let Q(b) be the objective function, then

2Q0) _ o 1 L)
ob  db

To finish, recall that W is symmetric. Transpose to get n x 1 vector.

» Generalization: solve A .
ﬂT(b)gT(b) =0.

directly without specifying minimization problem.
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GMM Asymptotics

» Mean-value expansion:
8r(b) = gr(b) +dr(b)(b—b)

where b are true parameters, and b = ab + (1 — «)b for some « € [0,1].
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GMM Asymptotics

> Mean-value expansion:

gr(b) = gr(b) +dr(b)(b—b)

where b are true parameters, and b = ab + (1 — «)b for some « € [0,1].

> Multiply by ar(b) to get .
0= aT(b)gT(b) + ﬂT(b)dT(b)(b — b)

» If dr is invertible, rearrange into
VT(b—b) = —(ar(b)dr(b))) ~ar(b)VTgr(b)

» In the limit:
VT(h-b) % N(o, (ad)~1aSd’ (d’a’)_l)

where a = plim ar, d = plim dr, S = avar g7.
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Efficient Weighting Matrix

> GMM always consistent, but asymptotic variance of b depends on weighting matrix a.
Denote it V(a).

» Define a* to be efficient if V(a) — V(a*) is positive semi-definite for any alternative 4, so that

w' (V(a)—V(@*))w >0,  Vw.

> This is equivalent to saying that for any weights w, the asymptotic variance of w'b(a*) is
smaller than that of w'b(a).
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Efficient Weighting Matrix

> GMM always consistent, but asymptotic variance of b depends on weighting matrix a.
Denote it V(a).

» Define a* to be efficient if V(a) — V(a*) is positive semi-definite for any alternative 4, so that
w' (V(a)—V(@*))w >0,  Vw.

> This is equivalent to saying that for any weights w, the asymptotic variance of w'b(a*) is
smaller than that of w'b(a).

» Efficient a turns out tobe a* = d’S~1 or, alternatively, W* = s-1

> Intuition: for diagonal S this puts more weight on moments with less noise. For
non-diagonal S, use correlations to reduce noise further.
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The Recipe

» Three step procedure:

1. Estimate b using some initial ay (W = I or W = E[xx/]1).
2. Estimate the spectral density matrix St and compute efficient a%.

3. Re-estimate b* using the efficient matrix, as in Step 1.

» For “iterated GMM” continue until W converges.

- Alternative: directly minimize % ¢(b)’'571(b)g(b) including dependence of 5 on b.

> Estimation steps either by exact solution or numerical equation solver.

» For W = I choose moment conditions to have similar scale and be as close to uncorrelated as
possible (i.e., S >~ I).
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Estimation of S: Nonparametric

> Define u; = f(x1,b) — g7(xt,b) to be the demeaned GMM residuals. Then

S= Cov(ﬁgT(b)) = i E [utufff]} .

j==oo

» If errors uncorrelated for all |j| > ], then we can compute this directly (Hansen-Hodrick
estimator). Otherwise, need another approach.

» General nonparametric estimator uses weights w to compute
. k
S= Z Z utut —
> Typically use the “Bartlett kernel” w; = (k — |j|) /k, which defines the Newey-West estimator.
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Estimation of S: Parametric

> Parametric alternative #1: for complex autocovariance structure, can assume that u; follows a
VAR, so that

ur = Quy_q + ey, ep ~ N(O, Q)
Y = X +Q

where ¥ = Var(u;).

> “Lyapunov” fixed point equation can be solved by numerical packages (e.g., dlyap in
Matlab) or doubling algorithm.

» Use the relation
E [ug,ui_] = @z
to obtain

S=2+(-®) 1oz +3(I - @) '@
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Estimation of S: Parametric

> Parametric alternative #2: for large n (many equations), can assume that u; has a factor
structure so that

ur = Bft + ey, fe ~N(0,I), e ~ N(0,diag(v))
S=BB +Q

> Could combine approaches: VAR with factor errors.
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Inverting S

» Once S has been estimated, need to invert to get W*.

- Problem: § can be close to singular, inverse unreliable.

- Solution: take “pseudoinverse” (e.g., pinv)

> To compute, take singular value decomposition: 5 = UDV".
- UU’ = V'V =1and D is diagonal.

- Aside: principal components are Z = XV when X = UDV’. (Take z-scores first).

> Stable inverse: for some tolerance ¢ (e.g., 1e-10), compute
- D;' ifD; >¢

Dj=4 " .
0 otherwise

» Pseudoinverse: $~1 = VDU'.
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Inference: Standard Errors

» Define V = (0, (ad)’laSa’(d’u’)’l), orin W= 51 case, V* = (&'s1d) .

» Standard errors: SE(b;) = /V;;/T.

» Can compute standard errors of objects depending on b using the delta method (e.g.,
regression R?). For function ¢(b):

by _ 1, N (o, 22b)",2¢(b)
VI(p0) = 9(®) 5N (0757 VG
where the derivative d¢(b) /0D is represented as a column vector.

» Use numerical derivatives if analytical derivatives not known.
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Inference: Hypothesis Testing

» General idea: if a n x 1 vector x ~ N(0,%), then ¥’ 1x ~ x?(n).

- In practice, estimation procedure may use up d.f., so we may end up with x?(1 — k).

» From our GMM estimates, (b — b) ~ N(0,V/T) for V = avar(b).

> Assume we are testing a k x 1 restriction r(b) = 0. Then under the null we have

VTr() % N (o, 28y 210

and so

’ -1
T r(b) [ag: : Vara(f )] r(b) ~ x*(n — k).

> Alternatives: likelihood ratio test, Lagrange multiplier test (these require you to estimate the

restricted model).
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Inference: Hypothesis Testing

> Under the optimal GMM weighting matrix we have some special hypothesis tests.

> Assuming moment condition is correct, then under W = 51

Ter(b)'S gr(b) LN x* (#moments — #parameters)
where correction for degrees of freedom because we are using fitted value b instead of b.
> Can also compare unrestricted model with restricted model that requires r(b) = 0:
T(gT(BR)’s;IlgT(BR) - gT(bi,)'s;,lgT(Bu)) 2, 2 (#restrictions)
or compare “big” set of moments gj, 1 = (g} 1,85 ) with “small” set g¢ + = (g} 1, 0)

. R A S d
T(gB,T(bB),SB 1gB,T(bB) — gS,T(bS)/SB 1gS,T(bS)) — XZ(#eXtI'a moments)
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Example: C-CAPM with Mimicking Factors

P> You are trying to estimate the consumption CAPM moment condition

-7
R <i> . 1] 0
Ct—1

for a country without reliable consumption data.

E

> Have data on factors related to consumption x;, and both consumption and factor data in the
US (cH5, xH9),

» Consumption growth follows

Alogcr = ¢'x; + et er ~ N(0,w)
AlogcHs = ¢'xS +eHS et ~ N(0,w)

» Goal: compute exact standard errors for y (assuming w known).
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Example: C-CAPM with Mimicking Factors

> Jointly estimate US consumption regression and C-CAPM.
» Moment conditions:
— N 2 —
£ exp{logRt Yo X+ aJ/Z} 1
(Alogei®® — ¢'xi) xj!
» Population equivalent:
1L exp{logRt —y¢'x: + 'yzw/Z} -1
8T = =
! (Alogel!® — ¢/xt)
» Derivatives w.r.t. parameters 7y, ¢:
1 & [—exp{} (@ —yw) exp {-} 7
-

0 I 1Sy
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Linear GMM: Warm Up

> Linear GMM moment condition (single equation):

E[ z —x b ] =0.
t (e t b))
mx1l 1x1  1xn "*1

» Sample moment condition:

gr(b) = 2y —xb) =2 (y - X b )/T
mXT  Tyq Txn nx1

5l =
1=

t

1
where Z’ = (Zl,. . .,ZT), X, = (xl,. . .,XT).

> Easy to solve, apply formulas. But what about multiple equation (e.g., pricing multiple assets
with multiple factors)? Need vector b but have matrix B:

E[Zt(yt—B Xt)]:().
mxk kx1 kxn px1
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Tools: Vectorization and Kronecker Products

» Kronecker product ® defines the operation

llllB cee alnB
A@B=| 1 .
amB -+ amuB
» Bilinear, associative:
AR (B+C)=A®B+ARC
(A+B)@C=A®C+B®C

(kA)® B =A® (kB) = k(A® B)
(A®B)®C=A® (B®C)
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Tools: Kronecker Products and Vectorization

> Properties of Kronecker product:

(A®B)(C® D) = (AC) ® (BD)
(A®B) '=A"1gB!
(A®B) = (A ®B)

> Vectorization stacks columns to form vector: vec(X) = (x{,...,x),)".

> Key equation:
vec(ABC) = (C' ® A)vec(B)

> Application: how do we solve X = AXA’ 4+ Q in one step?
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Linear GMM

» General GMM moment condition:

E[Zt(yt — B Xt )]:0.
~ N =~
mxk  kx1 kxn nx1

» Convert B to a vector using Kronecker product. Solution:

> Sample moment condition:

1 T
gr(b) = thzlzt(yt —Xib) = \Zj_,( y -

where Z’ = (Zl,. . .,ZT), X/ = (Xl,. . .,XT).
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Linear GMM

» General GMM moment condition:

E[Zt(yt — B Xt )]:0.
~— ~—~—
mxk ?{; kxn px1

» Convert B to a vector using Kronecker product. Solution:

Bx; = vec(IBxt) = (x; ® Iy)vec(B) = X;

> Sample moment condition:

1 T
gr(b) = ft:Zth(yt —Xih)=Z (v -

where Z’ = (Zl,. . .,ZT), X/ = (Xl,. . .,XT).
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Linear GMM

» Derivative dr(b) defined by
dr(b) =Z'X/T
> GMM solution: b = (X'ZWZ'X) "1 X'ZWZ'y
» Ordinary least squares: Z; = X;.
- Solution for any weighting matrix (just identified): bors = (X'X) 1 X'y
- Asymptotic variance: Vors = (X'X/T)~1S(X'X/T)~!
- Serially uncorrelated errors: Sors = E[Xser;X]] = E [xpx} @ €1€}]
- Serially uncorrelated + homoskedasticity: Sors = E [xx}] ® E [ere}], Vors = E[xx}] ™' @ Elese}]

» Generalized least squares: Z; = X;X !, where & = E AR

- Solution: bgrg = (X'Z1X)X'Z 1y
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Nonlinear GMM

> Want to solve system of equations
q(b) = dr(b)' Wgr(b) = 0.
> Best numerical equation solvers require Jacobian:

J =d(b)Wd(b +ZH(b g(b)

where H;(b) is the Hessian of ¢(b), and W; is the ith row of W.

» Alternative formulation:

vec(]) = vec(d'Wd) + HWg

where the ith column of H is vec(H;).
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Efficiency of Maximum Likelihood

> Often, you have many moments to choose from. Which is best? Turns out to be maximum
likelihood (MLE).

» Can implement MLE given density ¢ as GMM:

= —VbL b) valogq)(x b)

where asymptotic variance is Vi g = E[ss'] ! where s’ = V; log ¢(x; b).
> Proof of efficiency (see Newey and McFadden (1994)):
- First step: show d'Wd = E[ms'] for m = d'Wg.
- Second step: show Vieyy — Ve = 2/UU'z:
Vemm — Ve = E[ms') \E[mm'|E[sm'] ! — E[ss'] ™! = E[ms'] "'E[UU'|E[sn']
U = m — E[ms'|E[ss'] " 's
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Estimating Structural Models
> Often estimate structural models using simulated method of moments:
S argmbin% (h(%:b) — R(x:b)) W(h(%:b) — R(%;b).

where % is simulated data and x is true data.

» If h(x; b) can be written in moment condition form

then this is just GMM for ¢(%;b) = h(%;b) — h(x;b).

» Can simulate anything from the model, but don’t know the likelihood. What moments
should we pick?
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Estimating Structural Models

> Gallant and Tauchen (1996)’s Efficient Method of Moments (EMM) procedure: pick moments
that look a lot like the moments implied by MLE:

1T
g(x;b) = = ) Vilog p(x;b)
t=1
» Approach: pick an auxiliary model that provides a good fit of the data and has a known

density ¢ (x;6).
- Examples: VAR, GARCH, Gallant’s Semi Non-Parametric (SNP) model.

» Fit auxiliary model parameters on frue data, then estimate parameters of structural model on
simulated data using score of auxiliary model at ML estimate as moments:

T
Op = arg mein % 2 Vg log ¢” (%1;0)
SEmm (%) Zve log ¢ (%; 0y
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Recap
» GMM: procedure for estimating moment conditions E[f (x;b)] = 0.
- Solution: d(b)'Wg(b) = 0

- Asymptotics can provide exact standard errors for many exotic cases.

» Efficient GMM procedure:
- Estimate b given initial weighting matrix W
- Compute 5 = avar(gr)

- Re-estimate b using 3.
> Most efficient moments are score functions from MLE, approximate these if you can!

» Tools:
- Singular value decomposition

- Kronecker product, vectorization
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